«5^4, 5, 7 in [9] , and improved by E. C. Zeeman to «^4 (unpublished). I would like to thank Professor Zeeman for pointing out this result to me. Further a generalized Schoenflies theorem was proved by M. Brown in [3] . If this Hauptvermutung were true for all n, a simple induction on the dimension n would prove the combinatorial Schoenflies conjecture for all « (compare Theorem 6). In the following we show that either the combinatorial Schoenflies conjecture is true for all dimensions n, or it is false for all dimensions «>3.
Notation. We are dealing with finite simplicial complexes, hereafter called complexes. An «-complex is a complex such that each simplex is a face of an »-dimensional simplex of the complex. If K, L are complexes then AWL, KÍ\L, K-L denote the union, intersection, and the simplicial product of the complexes K and L. A combinatorial «-cell is a complex which has a subdivision isomorphic a subdivision of an «-simplex. And a combinatorial «-sphere is a complex which has a subdivision isomorphic to a subdivision of the boundary of an . Let Sn be a combinatorial «-sphere with the decomposition Sn = E\\JE"2, where E" and El are ncomplexes such that E[i\El = Sn~1 is a combinatorial (n -\)-sphere. If E\ is a combinatorial n-cell, then E\ is also a combinatorial n-cell. = E¡+1UEl+1 and E^+1r\El+1 = S". To show that these (w+1)-complexes are combinatorial manifolds, we have only to check that the links of their vertices are either combinatorial «-spheres or combinatorial «-cells. For a vertex e not in 5n we have L(e, E"+1) = L(e, Sn+1), i=\, 2, and this link is therefore a combinatorial nsphere. If the vertex e lies on S" then the combinatorial (« -l)-sphere L(e, Sn) decomposes the combinatorial «-sphere L(e, Sn+1) by hypothesis into two combinatorial «-cells, which lie in £"+1 and E"+1. These «-cells are the links of e in E"+1 and E%+1. Corollary 1. If the combinatorial Schoenflies conjecture is true in dimension n, then it is also true in dimension w -1, and therefore in all dimensions up to n.
[October Theorem 5 (M. Brown [3] and [4]). Let Sn be a combinatorial n-sphere and Sn~1 a combinatorial (n -\)-sphere on Sn. Then 5n_1 decomposes Sn into two complexes E\ and E\ with S" = E\W£2. E^C^El = S"~1, and E[, E\ are topological n-cells, i.e. E" and E\ are homeomorphic to an n-simplex.
Proof. Sn~1 is "bi-collared" in Sn, and the generalized Schoenflies theorem of [3] can be applied (see [4] ). By the combinatorial Hauptvermutung for «-spheres we mean the statement, that if an «-dimensional combinatorial manifold is homeomorphic to an «-sphere then it is a combinatorial «-sphere. to the «-sphere, and by hypothesis Sn is a combinatorial «-sphere. Since Sl~1-E° is a combinatorial «-cell, we can apply Theorem 2 and conclude that E" is also a combinatorial «-cell. And by the same argument E\ is a combinatorial «-cell too.
Theorem 7 (S. Smale [9] and E. C. Zeeman). The combinatorial Hauptvermutung for n-spheres is true for «^4.
Corollary
2. Either the combinatorial Schoenflies conjecture is true for all dimensions «, or it is false for all dimensions «>3.
3. If the combinatorial Schoenflies conjecture can be proved for one dimension «o>3, then it is true for all dimensions ». If a counterexample to the combinatorial Schoenflies conjecture can be found in one dimension «o>3, then the conjecture is false for all dimensions «>3, and subsequently the combinatorial Hauptvermutung for 4-spheres would be false.
